Finding the MEK,; Performance

Definitions

Definitions

ID = {{1, 0}, {0, 1}};

X={{0, 1}, {1, 0}};

zZ={{1, 0}, {0, -1}};

Y=-ixX.Z;

HL = Cos[6] * X + Sin[6] Z;

HLn[xn_] = HL.MatrixPower [1 * ¥, xn];

Defining some matrices

PONE[ e_] = (ID+ (1-2€) *HL) / 2;

pPerfectGlobal = KroneckerProduct|[ (ID + HL) /2, (ID+HL) / 2];
pPerfectLocall = KroneckerProduct [ID, (ID+HL) /2];
pPerfectLocal2 = KroneckerProduct [ID, (ID+HL) /2];

p[ €_] = KroneckerProduct [pONE[ €], pONE[ €]];

We think of MEK being a protocol that takes 2 magic states in the state p[e] and pumps on them
with a circuit using a further 8 copies.
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Ul[xl_ , x2_, x3_, x4_, x5_, x6_, x7_, x8_] =
MatrixPower [KroneckerProduct [X, X], x1 +x3].
MatrixPower [KroneckerProduct[Z, 2], x2 +x4];
U2[x1l_, x2_, x3_, x4_, x5_, x6_, x7_, x8_] =
MatrixPower [KroneckerProduct[X, X], x5+ x7].
MatrixPower [KroneckerProduct[Z, Z], x6 +x8];
Proj[xl_, x2_, x3_, x4_, x5_, x6_, x7_, x8_, xn_] =
KroneckerProduct [ID, HLn[xn]]. (KroneckerProduct[ID, ID] +
(- 1) (x3+x4+x5+x6) gyoneckerProduct [HLn [xn], HLn [xn] ]) /2;

Kraus[xl_, x2_, x3_, x4_, x5_, x6_, x7_, x8_, xn_] :=
U2[x1, x2, x3, x4, x5, x6, x7, x8].
Proj[x1, x2, x3, x4, x5, x6, x7, x8, xn].Ul[x1, x2, x3, x4, x5, x6, x7, x8];

We will apply a noisy channel to p[€] which is a sum over Kraus operators labelled by
[x1_,x2_,x3_,x4 x5 ,x6 ,x7_,x8 ], where
xj=1 indicates an error on the j*th of te 8 pumping magic states.
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For each Kraus operator we further break it up into 3 parts U1, Proj and U2.
U1 and U2 are unitaries that consist of Pauli errors.
Proj is a noisy parity projection, which is usually a projection onto the even parity Hadamard space,
though some Pauli errors can generate a projection onto the odd parity Hadamard space.
Channel([x1l_, x2_, x3_, x4_, x5_, x6_, x7_, x8_, xn_, pin_] :=
Kraus[x1, x2, x3, x4, x5, x6, x7, x8, xn] .pin.
ConjugateTranspose [Kraus[x1l, x2, x3, x4, x5, x6, x7, x8, xn]]

The above code simply takes a Kraus operator and makes a quantum channel from it

w0 = Permutations[{0, O, O, O, O, O, O, O}];

w2 = Permutations[{1, 1, 0, 0, 0O, O, O, 0}];
w4 = Permutations[{1, 1,1, 1, 0, 0, O, 0}];
w6 = Permutations[{1,1,1,1,1,1,0,0}];
w8 ={{1,1,1,1,1,1,1,1}};

w = Union[w0, w2, w4, w6, w8];
size = Dimensions[w] [[1]];

We construct a list of all nontrivial even weight errors (odd weight errors are always detected by the
circuit)

FullChannel[e_, 6_, pin_] :=
€ Total[w[[k]]]
((1—6)*Sum[( )
1-€
wl[k, 411, w[[k, 511, w[[k, 61], w[[k, 7]1, w[[k, 8]], O, pin],
€ Total[w[[k]]]
1—e]
Channel [w[[k, 1]], w[[k, 2]], w[[k, 3]1], w[[k, 4]], w[[k, 5]1,

* (l‘e)s*Channel[W[[kl 111, wl[k, 211, w[[k, 311,

{k, 1,size}])+(6*$um[( * (1-€)%x

w[[k, 6]]1, w[[k, 711, w[[k, 8]]1, 1, pin], {k, 1, Size}]);

Above we form a channel by summing over all errors of even weight (those not detected) and
weight them by ¥ « (1 - €) Y-8 where N is the number of errors (the number of nonzero values for
[x1_,x2_,x3 x4 x5 x6 ,x7_,x8 ],)

Output state

POUT[ €e3_, ek_, 6_] =FullChannel[e3, 6, p[ek]];

We find pOUT] €] by applying the noisy map FullChannel[e, pin] to the input o[ €]. Remember the
input consists of 2 noisy magic states and 8 noisy magic were responsible for implementing the
noisy map.

Polynomials

Polynomials
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Psuc[e3_, ek_, &6_] =
Simplify[Simplify[Simplify[Tr[pOUT[ €3, ek, 6] /. { Conjugate[Sin[6]] » Sin[6],
Conjugate[Cos[6]] » Cos[©]}] /.
{ Conjugate[Sin[6]] » Sin[©8], Conjugate[Cos[6]] -» Cos[©]}]1] /.
{ Conjugate[Sin[B8]] » Sin[©], Conjugate[Cos[68]] » Cos[O]}]

1
1-448e3°+448€3%-256e37+64€e3% - -6 (1-2€3)* (1-2€ek)?-2€ek+2€ek?-
2

64 €3> (2-ek+ek?) +32e3* (9-ck+ek?) -8e3 (1-2¢ek+2¢ek?) +8¢e3% (5-6¢ck+6ck?)

The success probability.

1
eout[e3_, ek_, &6_] = *Expand[simplify[
Psuc[ €3, €k, §]
Simplify[Tr[pOUT[ €3, ek, &].(KroneckerProduct[ID, ID] - pPerfectLocall)]| /.
{ Conjugate[Sin[6]] » Sin[6], Conjugate[Cos[6]] » Cos[O] }] /.

{ Conjugate[Sin[6]] » Sin[6], Conjugate[Cos[6]] » Cos[6]}]]

S 2 2 3 3 4 4
(*—26€3+8€3 +66€3°-48€3°-806€3°+136€3"+46€3" -
4

224€3°+224€3%-128e37+32e3% +ck?-5€ek?®-8¢e3ek?®+85€e3ek?+

24€3%€ek?®-2465€e3%€k?-32€e3%ck?+326€e33ek? +16€3* ck? - 16 5 3* ekz)/

1
(1—448635+448€36—256€37+64e38—*6 (1-2€3)* (1-2¢€k)? -
2
2ek+2ek®-64e3% (2-ck+ek?) +32€3% (9-ek+ek?) -

8e3 (1-2¢ck+2¢ek?) +8e3? (5—6ek+66k2))

Error probability on a single output qubit.

Expand[Psuc[ e, €, 0]]
Series[eout[ e, €, 0], {e, 0, 10}]

1-10ec+58€2-192e%+400€e*-544€%+480€®-256¢” +64¢?
9e2+34e3-22€%-720€%-2756€%+1144€” +56056€e®+227072€”-31472€0+0[e]!?

Above equations match the results of MEK

Normal[Series[Psuc[e3 xt, ek*t, 6*xt], {t, 0, 1}]] /. {t> 1}
Normal[Series[eout[e3*t, ekxt, 6*1:2], {t, O, 2}]] /. {t-> 1}

o)
1-—-8e3-2¢k
2

5
— +8¢e3% + ek?
4

The leading order Psycand €qyt.



